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Abstract

In multiple target systems, the signal factor is varied
based on the signal-response relationship to achieve
di�erent targets for the response speci�ed by the cus-
tomer. Robust parameter design aims at making the
signal-response relationship insensitive to the noise
variation by choosing appropriate levels for the con-
trol factors. Taguchi's dynamic signal-to-noise ratio
has several limitations for the optimization in multi-
ple target systems. We give a theoretical formulation
of the problem and develop a practical approach for
optimization that overcomes these limitations. The
methodology is illustrated using a temperature con-
troller example.

1. INTRODUCTION

Robust parameter design aims at �nding the levels
of control factors that will make the e�ect of noise
factors on the performance of the system as small
as possible. When the customer puts forth di�erent
requirements on the system performance, all of the
control factors cannot be kept at a constant level. In
such cases a factor known as signal factor is selected
from the set of control factors and is changed con-
tinuously depending on the customer intent to meet
his requirements. For examples, di�erent hole diam-
eters on a job are obtained by using di�erent drill bit
sizes in a drilling operation; di�erent line widths for
a circuitry in a printed circuit board are produced
by giving di�erent line widths in the art work used
in the image transfer process. The user of the sys-
tem has to specify a value for the signal factor to
achieve a speci�c customer intent and hence he/she
needs to know the relationship between the signal fac-
tor and the output response. The system will work
well if this relationship is robust to the noise factors.
The approach of making the signal-response relation-
ship insensitive to noise was introduced by Taguchi
(1987) and is known as dynamic parameter design or
parameter design in signal-response systems. The re-
cent developments in this area can be found in Miller
and Wu (1996), Wu and Hamada (2000) and Wu and

Wu (2000). The increasing competition in the mar-
ket and changing demands from the customers have
forced the manufacturer to design and produce prod-
ucts with varied functional requirements. It became
a necessity not only to meet the current requirements
but also to develop the process anticipating the fu-
ture requirements. Dynamic parameter design has
emerged as an important engineering-statistical tool
in this technology development process. Many inter-
esting case studies from industries can be found in
Taguchi, Chowdhury, and Taguchi (2000).
Taguchi (1987, 1993) uses a linear relationship be-

tween signal (M) and response (Y ) given by

Y = �M + �; (1)

where � has mean 0 and variance �2. The � and �
are evaluated for di�erent control factor settings and
a setting is selected that will optimize a performance
measure of variation from the linear relationship. He
uses the (dynamic) signal-to-noise (SN) ratio given
by

SN = log �2=�2 (2)

as the performance measure. Miller and Wu (1996)
con�rms the suitability of this measure for optimiza-
tion in measurement systems but comments on its
inadequacy for dealing with multiple target systems.
They propose a response function modeling approach
for the analysis. Lunani, Nair, andWasserman (1997)
advocates the use of a generalized signal-to-noise ra-
tio

GSN = log �=�2 (3)

as the performance measure and gives some graphical
methods for obtaining  from the data.
In an engineered system, the actual relationship

need not be linear. The � calculated from model (1)
is a combined measure of variation due to noises and
departure from linearity. There are many situations
in which a system can work well with a nonlinear
relationship as long as the relationship is well un-
derstood and is easily implementable in the system.
Hence forcing a system to behave with a linear signal-
response relationship can result in a sub-optimal de-
sign of the system. But modeling a non-linear re-
lationship in an experiment can be expensive as the
data needs to be collected for many levels of signal
factor for every control factor settings. It will be
shown that the optimization procedure is very com-
plex with a nonlinear relationship. We will develop
some methods to address the nonlinearity while keep-
ing the optimization simple to perform.
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In model (1) we see that as M is reduced to zero,
the mean of Y is also reduced to zero. If Y is allowed
to take only non-negative values, then the variation
in Y will also reduce to zero. The statistical model
in (1) does not capture this property, leading to in-
eÆcient estimates of � and �. We will stress on the
importance of modeling variation in Y as a function
of signal factor as it is crucial in obtaining the right
performance measure for robust design optimization.
The article is organized as follows. In Section 2 we

give some typical examples to show that variance will
usually be a function of the signal factor. In Section
3 we describe a general approach to the robust design
optimization of multiple target systems. In Section
4 we develop two practical approaches to modeling.
The proposed methodology is illustrated with an ex-
ample in Section 5. Conclusions are given in Section
6.

2. VARIANCE FUNCTION

A signal factor can be used to cause large changes
in the mean of a response. Changes in the variation is
bound to happen when the mean is varied a lot and
hence the variation will be a function of the signal
factor.
A temperature controller example: Phadke (1989)

describes the robust design of a temperature con-
troller. The resistance at which the heater will be
turned on is given by

RT�on =
R3R2(R4 +R1E0=EZ)

R1(R4 �R2(E0=EZ � 1))
: (4)

More details about the functioning of this circuit can
be found in McCaskey and Tsui (1997). The resis-
tance R3 is the signal factor and variation in the
other factors within their manufacturing tolerance is
the noise to the system. Here V ar(RT�on) / R2

3. An
approximate statistical model for this system is

RT�on = �R3 + �;

where E(�) = 0 and V ar(�) = �2R2
3. The � and �2

are functions of the nominal values of R1; R2; R4; E0;
and Ez.
An electro plating example: Consider an electro

plating process used to deposit metal onto another
metallic substrate. The plating time can be varied to
achieve di�erent thicknesses of the plated metal. By
Faraday's law the plating thickness (mean) is pro-
portional to the plating time. Let V (�) represents
the variability in thickness during time � . Divide

the interval (0; �) into n equal parts of length �=n as
(0; �=n); :::; ((n� 1)�=n; �). The amount of metal de-
posited in each of these intervals can be assumed to
be independently and identically distributed. Then
V (�) = nV (�=n) for all n = 1; 2; 3; :::. This is true if
and only if V (�) / � . Hence the statistical model for
this system can be written as,

Y = �� + �;

where E(�) = 0 and V ar(�) = �2� . The variability
V (�) is caused by the uctuations in some of the noise
factors during time � . If we absorb the other noise
factors also into the variance term, the variation can
be modeled as �21�+�

2
2�

2, which can be approximated
as �2��.

3. GENERAL FORMULATION

Let EZ(Y ) = f(X;M) and V arZ(Y ) = V (X;M),
whereX is the set of control factors. The expectation
and variance are taken over the distribution of the
noise factors Z. The expected quality loss assuming
a quadratic loss function is proportional to

L(X;M; t) = (f(X;M)� t)2 + V (X;M);

where t is the customer intent. Given t, the signal
factor can be adjusted to minimize the loss. Cost
considerations or system limitations may require the
value of M to be between ML and MH . Let

min
M2(ML;MH)

L(X;M; t) = L(X;M�; t): (5)

Let t be any value between a and b and W (t) is the
probability distribution function. Because X cannot
be varied with t, the expected loss at M = M� with
respect to the customer intent can be used as a mea-
sure to evaluate the control factor settings. Thus the
performance measure for a given X is

PM =

Z b

a

L(X;M�; t)dW (t): (6)

Our objective is to �nd an X 2 D minimizing PM ,
where D is the feasible region for X. The minimiza-
tion of the loss in (5) need not result in a value of M
to get the expected value of the response at target t.
But in engineering applications an unbiased adjust-
ment strategy makes more sense. Therefore we can
simplify (6) by avoiding the minimization over M .
Let h(X; t) be the solution of M from f(X;M) = t.
Then, the optimization problem becomes

min
X2D

PM =

Z b

a

V (X; h(X; t))dW (t) (7)
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subject to
max
t2(a;b)

h(X; t) �MH ; (8)

and
min
t2(a;b)

h(X; t) �ML: (9)

4. MODELING

In this section we develop two di�erent approaches to
modeling. In Mean-Variance modeling we will sepa-
rately model mean and variance functions. This mod-
eling is ideal when the noise levels are randomly cho-
sen for every observation. In Response modeling the
response is directly modeled in terms of the control,
noise, and signal factors. This approach is suitable
when the noise factors have �xed levels in an experi-
ment.

4.1 Mean-Variance Modeling

We explain the ideas behind Mean-Variance mod-
eling by choosing some special functional forms for
both mean and variance. Consider an additive noise
model Y = f(X;M) + �, where E(�) = 0 and
V ar(�) = V (X;M). Assume that the response and
signal factor are nonnegative variables and f(X; 0) =
0. Also assume that the mean and variance are
increasing functions of M , perhaps after a suitable
transformation of the signal factor. Based on the dis-
cussions in Section 2,

V (X;M) = �2(X)M� (10)

is a reasonably good approximation for the variance
function.
We will �rst consider a special form of f(X;M)

and develop the optimization procedure. As will be
seen later, this form is helpful to deal with a more
general case using lack of �t. Let

f(X;M) = f�(�(X)M); (11)

where f� is a known function up to a set of parameters
�.
Because the mean and variance functions are mean-

ingful only for nonnegative values of M , we must as-
sume that f�1� (a) � 0 to ensure unbiased adjustments
for t 2 (a; b). Typically f�(0) = 0 and hence this will
be automatically satis�ed. From (10) and (11), the
PM in (7) becomes

PM =

Z b

a

�2(X)

�
f�1� (t)

�(X)

��
dW (t)

=
�2(X)

��(X)

Z b

a

(f�1� (t))�dW (t):

With the selected mean function in (11), the X and
t are separated in the PM , thus simplifying the pro-
cedure. De�ne the performance measure as

�(X) = log
��(X)

�2(X)
(12)

to be consistent with the form of SN ratio in (2).
Note that we no longer need to specify the proba-
bility distribution of the customer intent to get the
performance measure. Thus the optimization prob-
lem is reduced to

max
X2D

�(X)

subject to �(X) � �L; where

�L = f�1� (b)=MH ; (13)

which is obtained from the constraint in (8). The
constraint (9) is trivially satis�ed for ML = 0. The
above problem can be solved using a mathematical
programming algorithm. See, for example, Luen-
berger (1989). The two-step optimization procedure
is found to work well in many practical situations.
The two-step optimization will succeed if there exists
an adjustment parameter. An adjustment parameter

in this case refers to a variable that has an e�ect on
� but not on �. The two-step optimization procedure
in our formulation can be stated as follows.

1. Find X 2 D to maximize �(X).

2. Use one or more adjustment parameters to ad-
just � to the desired range.

Now we will consider the issue of estimation. As-
sume that the data is obtained using a cross array
design which is a product of the control array, noise
array, and signal factor levels. Let yijk denote the
response value at run i, signal level j, and noise level
k. Then

yijk = f(Xi;Mj) + �ijk; (14)

where �ijk's are independently distributed as
N(0; �2iM

�
j ). Suppose we do not know the true func-

tional form of the mean. Then yij: is an obvious es-
timate of f(Xi;Mj). Hence �

2
iM

�
j can be estimated

from

s2ij =
1

K � 1

KX
k=1

(yijk � yij:)
2: (15)

The estimation of �2i and � can be done using a log-
linear model,

log �2ij = log �2i + � logMj ; (16)
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where (K � 1)s2ij=�
2
ij � �2K�1. The �tting can be

done using gamma GLM with a log-link or using the
quasi-likelihood estimation (McCullagh and Nelder,
1989). Thus we can compute the noise variability
without actually knowing the exact mean function.
To �nd the variability after adjustment, we have to
know the value ofM to get the response at t on aver-
age. Instead of using f(X;M), an approximate value
of M can be obtained by �tting f�(�(X)M) to the
data. The model Y � f�(�M) is to be �tted using
weighted least squares with weights (�2M�)�1. Note
that

X
i

X
j

X
k

(yijk � f�(�iMj))
2=�2iM

�
j

= K
X
i

LOFi=�
2
i + (K � 1)

X
i

X
j

s2ij=�
2
iM

�
j ;

where the lack of �t sum of squares is

LOFi =
X
j

(yij: � f�(�iMj))
2=M�

j :

In Taguchi's approach, the �2 in model (1) includes
both the lack of �t and the noise variation. Here we
separate these two components and try to minimize
only the noise variation. The cause for lack of �t is
not random and therefore the robustness should not
be sacri�ced to reduce the lack of �t. The minimiza-
tion of LOF is not important because in most cases
it can be eliminated at the optimal setting by �tting
a more elaborate signal-response relationship. The
signal-response relationship is usually restricted to
be a monotonic function. Therefore, if the lack of �t
cannot be completely eliminated with elaborate mod-
eling, the cause behind it needs to be identi�ed and
removed from the system. This approach helps us
to avoid the need of �tting elaborate signal-response
models to each run, thereby making the experiment
less expensive. In situations where speci�c functional
forms such as linearity is preferred in a system, the
LOF can be separately modeled and minimized. The
decomposition was used in Miller and Wu (1996) in
the analysis of an injection molding experiment. Our
approach is more general as the separation of lack of
�t from the residual variation is introduced as a strat-
egy to deal with nonlinear signal-response systems.

4.2 Response Modeling

When the noise factors have �xed settings in an
experiment, the �ijk's in (14) are not independent

and therefore an approach that takes into account
of this structure is more appropriate. See the dis-
cussions in B�erub�e and Nair (1998). Let N be the
set of observable noise factors. Then for a given N,
let Y = f(X;N;M) + �, where E(�) = 0, V ar(�) =
�(X;N;M) and � is the random error caused by the
unobservable noise factors. As an approximation to
the true signal-response relationship, consider a poly-
nomial model

f(X;N;M) = �0(X;N) + �1(X;N)M + � � �

+�r(X;N)Mr:

For a special case with f(X;N;M) = �1(X;N)M
and �(X;N;M) = �(X;N)M2, the PM in (7) can
be explicitly obtained as

PM �
V arN�1(X;N) + EN�(X;N)

E2
N
�1(X;N)

which can be viewed as the reciprocal of the signal-
to-noise ratio. Consider the case of a single noise
factor with mean 0 and variance �21 . If we fur-
ther assume �1(X;N) = �10(X) + �11(X)N1 and
�(X;N) = �0(X) + �1(X)N1, then the optimization
problem becomes

max
X2D

�210(X)

�211(X)�21 + �0(X)

subject to b
MH

� �10(X) � a
ML

which can be easily solved using a standard nonlinear
programming algorithm.

5. AN EXAMPLE

We will illustrate the proposed methodology using
the temperature controller example. For the purpose
of illustration we will treat R2 as the signal factor
instead of R3 so that we have a nonlinear signal-
response relationship. We will assume no knowledge
about the exact form of the transfer function in (4)
for the analysis and then evaluate the performance
of our approach based on the transfer function. The
half-normal plots of the e�ects from Mean-Variance
modeling and Response modeling are given in Fig-
ure 1. The results from the exact analysis based
on the transfer function and the SN ratio analysis
are also shown. We see that the SN ratio analy-
sis completely missed the most important e�ect of B
and barely identi�es A as signi�cant. The analysis of
Mean-Variance modeling and Response modeling did
not detect the e�ects in the exact order of importance
but succeeded in capturing the important e�ects.
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Figure 1: Half-normal plots

6. CONCLUSIONS

In this paper we have formulated the robust param-
eter design of multiple target systems as a mathemat-
ical programming problem. We have de�ned the per-
formance measure to evaluate a control factor setting
as the average variability in the response after adjust-
ing for the mean through the signal factor. We have
explained two practical approaches for the estima-
tion of the performance measure. The signal-response
relationship in many multiple-target systems can be
nonlinear. Some methods to address the nonlinear-
ity are proposed.Throughout the article we have em-
phasized on the importance of modeling variation in
the response as a function of the signal factor to get
the right performance measure for robust design op-
timization.
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